We investigate the implications of energy conditions on cosmological compactification solutions of the higher-dimensional Einstein field equations. It is known that the Strong Energy Condition forbids time-independent compactifications to de Sitter space but allows time-dependent compactifications to other (homogeneous and isotropic) expanding universes that undergo a transient period of acceleration. Here we show that the same assumptions allow compactification to FLRW universes undergoing late-time accelerated expansion; the late-time stress tensor is a perfect fluid but with a lower bound on the pressure/energy-density ratio that excludes de Sitter but allows accelerated power-law expansion. The compact space undergoes a decelerating expansion that leads to decompactification, but on an arbitrarily long timescale.
Introduction
Observations indicating that the expansion of the Universe is accelerating are compatible with General Relativity (GR) if one postulates a dark energy contribution to the matter stress tensor. Equivalently, one may modify Einstein's field equations to include a positive cosmological constant, as originally proposed on other grounds by Einstein himself. Either way, the predicted late-time geometry of an expanding universe is that of de Sitter (dS) but difficulties facing any attempt to formulate a consistent quantum theory of gravity in de Sitter space [1] suggest that current observations may have some other explanation that does not lead to the prediction of a late-time dS universe.
In the context of scalar-tensor theories of gravity in which a dS vacuum corresponds to a minimum value V 0 > 0 of a scalar-field potential V , one can propose a function V that has no such minima but does have regions in field space of positive V with |∇V | sufficiently small that accelerated expansion is both possible and sufficiently slowly varying to be compatible with current observations. Scalar fields that make this possible have been dubbed "quintessence". However, some of the difficulties facing the formulation of a consistent quantum theory of gravity in de Sitter space, in particular the future cosmological event horizon associated with late-time accelerated expansion, are still present in quintessence models [2, 3] .
It is natural to ask what string/M-theory has to say about dS vacua and quintessence. In particular, one may ask whether the 10/11-dimensional supergravity theories that arise as low-energy effective field theories for string/M-theory permit dS vacua. A partial answer to this question is provided by a no-go theorem of Gibbons [4] which states that the Ddimensional Einstein field equations do not permit a time-independent compactification to a dS spacetime of dimension d < D if the stress tensor satisfies the Strong Energy Condition (SEC); this follows from a simple inequality implied by the higher-dimensional SEC. Although the SEC is not as fundamental as the Dominant Energy Condition (DEC), it is satisfied (with one exception to be mentioned below) by D=10/11 supergravity theories, so this rules out time-independent compactifications to dS of these theories. This no-go theorem was rediscovered in a string/M-theory context by Maldacena and Nuñez [5] , who extended the result to the massive IIA D = 10 supergravity; this has a dilaton potential that violates the SEC, but a lower-dimensional dS universe is still unobtainable by a timeindependent compactification.
In principle, this Gibbons-Maldacena-Nuñez (GMN) no-go theorem might be circumvented by relaxing the usual non-singularity condition on the compact spaces used for compactification, since some geometrical singularities are innocuous in String/M-theory. An influential model of this type (incorporating D-branes and, crucially, orientifold planes) has been argued to yield a dS vacuum [6] (see [7] for a recent overview). However, despite more than a decade of active investigation on this topic it was possible to ask less than one year ago "What if string theory has no de Sitter vacua?" [8] . More recently, it has been suggested that dS vacua belong to the string theory "swampland" [9] .
Another potential way around the GMN no-go theorem is to relax the condition of time-independence. If this is done then it is important to distinguish between d-metrics in different conformal frames; these differ by a scalar-field dependent conformal factor which may become time-dependent for time-dependent compactifications. It is usual to insist on Einstein conformal frame because the d-dimensional Newton constant is otherwise timedependent, and this would be in conflict with observations for d = 4. The first attempt to generalize the GMN theorem to allow for a time-dependent compact space yielded the conclusion that the SEC still prevents compactification to dS [10] , and some analogous results were presented more recently in [9] . This conclusion, however, is based on some unnecessary assumptions that we make explicit here.
Our conclusion is not that compactification to dS is still excluded when time-dependence is allowed, but rather that any example of it must implement the Einstein-frame condition in a way that differs from the way it has been implemented previously, at least in those time-dependendent cosmological compactifications of which we are aware. It is not clear to us how this loophole can be exploited in practice, so we focus here on a different question: assuming that the Einstein-frame condition is implemented in the customary way, and that compactification to dS is then excluded (as we confirm) is late-time cosmic acceleration also excluded?
It is known that the higher-dimensional SEC does not prevent compactification to an Einstein-frame FLRW universe that undergoes accelerated expansion for some finite period [11] . For a D-dimensional stress tensor satisfying the SEC, many other time-dependent compactifications have been found that lead to a similar transient cosmic acceleration of the lower-dimensional Einstein-frame metric [12, 13, 14, 15, 16, 17] but none with late-time acceleration. Indeed, this appears to be ruled out by Teo's generalized no-go theorem [10] but the proof implicitly uses the vacuum Einstein equations in the higher dimension. This leaves open the possibility that some compactification to an FLRW universe undergoing late-time acceleration might be achieved by a non-zero stress tensor satisfying the SEC in the higher dimension.
An FLRW cosmology that undergoes late-time accelerated expansion can be expected to approach a scaling solution of the Einstein equations for which the accelerated expansion is eternal because these solutions are late-time attractors (in contrast to non-accelerating scaling solutions). If the SEC were to forbid compactification to eternally accelerating universes then this would constitute strong evidence against compactification to any universe that undergoes late-time acceleration (i.e. with an expansion rate that is strictly increasing from some time t 0 ). However, what we find is that the SEC does not forbid compactification to eternally accelerating universes. Specifically, we exhibit cosmological compactifications of the D-dimensional Einstein equations, with a stress tensor satisfying both the SEC and the DEC, such that the lower dimensional FLRW universe undergoes a power-law accelerated expansion. A field theory realization of the D-dimensional stress tensor, which could allow the exploration of more general solutions, remains an open problem, as does any connection to string/M-theory.
An interesting feature of these cosmological compactifications is that the compact space is also expanding, which implies an ultimate decompactification. However, it is remarkable that an accelerating expansion of the FLRW universe requires a decelerating expansion of the compact space. We explore the implications for our Universe on the assumption that it arises from some compactification of this type. Our conclusion is that the decompactification time (which we define as the time at which effects of Kaluza-Klein particles would show up in current accelerator experiments) is arbitrarily long, and easily much longer than the current age of the universe.
From a d-dimensional perspective, the conclusion of the GMN no-go theorem can be restated as the condition that the scalar potential V of the effective d-dimensional theory cannot have stationary points with V = V 0 > 0 [18] . The occurrence of transient cosmic acceleration is then simply explained in terms of the properties of such potentials [19] : given a potential that is positive in some region of field space, there exist initial conditions such that this region is entered, at which point the motion in field space is 'uphill'. If there are no stationary points in the region of positive potential then this uphill motion must end, at which moment the FLRW universe will be accelerating. How long it continues to accelerate depends on details of the potential, in particular its gradient ∇V . Late-time acceleration will occur only if the path in field space is such that V remains positive and the late-time value of |∇V |/V is subcritical.
In our examples of late-time accelerated expansion, the d-dimensional FLRW universe is filled with a perfect fluid with a constant pressure/energy-density ratio w, but this constant is restricted to lie in a particular interval. In the four-dimensional case,
The upper bound on w is simply a consequence of our assumption of accelerated expansion; the lower bound is implied by the higher-dimensional SEC. Since w = −1 corresponds to a dS universe, this result constitutes a significant generalization of the GMN no-go theorem to the time-dependent case, on assumptions that are the same as (or weaker than) those used previously (e.g. [9, 10] ) to rule out time-dependent compactifications to dS. Of course, the restrictions on w apply only at late-times; current observations are compatible with w = −1 but they are also compatible with a time-dependent increasing w [20] . A feature of FLRW universes undergoing power-law expansion is that they can also be realized as solutions of the d-dimensional Einstein equations for gravity coupled to a scalar field φ with positive 'exponential' potential V ∝ e λφ , for constant λ = V /V [21] (see [18] for the d-dimensional generalization). In fact, the general FLRW solution of such a model can be found exactly [22] ; it approaches a power-law solution at early and late times, with late-time acceleration only if λ < λ c , where λ c is a 'critical' value of order unity (its precise value is both d-dependent and convention dependent).
Scalar-tensor theories of this type typically arise as consistent truncations of compactified D=10/11 supergravity theories and it was conjectured in [23] (based on a variety of examples) that this always leads to λ > λ c ; this conjecture was proved in [10] but subject to a restrictive implicit assumption (that we make explicit here). A subsequent study for generic multi-scalar theories with positive potential V (φ) focused on the time evolution of the vector of "characteristic functions" ∂ ln V /∂φ [24] . These results are presumably related to the more recent conjecture that positive potentials arising from string/M-theory compactifications are such that |∇V |/V ≥ c for some constant c [9] ; we comment on this proposal in our conclusions.
The organization is as follows. We first derive the general SEC inequality for timedependent compactifications to an FLRW universe. This is a new result since previous SEC inequalities have all made assumptions that are not required by FLRW isometries. We discuss the difficulty of drawing definite conclusions from this inequality, and then proceed to make the simplifying assumption concerning implementation of the Einstein-frame condition that is implicit in previous investigations of time-dependent compactifications. This takes us to a simpler SEC inequality; we analyse its implications, confirming that it excludes compactification to dS. We then analyse the implications for compactifications to FLRW universes with power-law expansion, finding examples for which the expansion is accelerating. In section 3 we turn to an investigation of these examples, examining the implications for decompactification, showing that the required stress tensor in D-dimensions satisfies the DEC in addition to the SEC, and finding the restriction (1.1) on the lowerdimensional stress tensor. As the compact space in our examples is a scale factor times a Ricci-flat metric, we briefly consider the implications of relaxing the Ricci flat condition. We conclude with a summary of our main results and a further discussion of constraints on scalar potentials in the d-dimensional effective scalar-tensor gravity theory.
Warped compactifications to FLRW cosmologies
The general d-dimensional FLRW spacetime has a metric of the form
where S(t) is the scale factor as a function of standard FLRW time, andḡ ij is the metric in local coordinates {x
-space with constant curvature k, which we leave un-normalized. Our starting point will be a D-dimensional manifold that is topologically a product of this FLRW spacetime with a compact n-dimensional manifold B (so D = d + n). The most general D-metric compatible with the FLRW isometries, which are those ofḡ ij , has the form
where h αβ is the metric on B in local coordinates {y α ; α = 1, . . . , n}, and Ω is a nowherezero 'warp factor': a scalar function on B. Notice that the FLRW isometries permit not only the metric on the compact manifold B to be time-dependent but also the warp factor.
The condition for ds 2 F LRW to be an Einstein frame metric for the effective d-dimensional gravity theory is
where the constant on the right-hand side is the ratio of the Newton constants in the higher and lower spacetime dimensions. This motivates the following notation: for any scalar Φ on B, we shall define
The Einstein-frame condition in this notation is 1 = 1, which means that Φ can be interpreted as an average of Φ over B; this means, in particular, that Φ = Φ when Φ is independent of position on B.
As the Einstein-frame condition must hold for all t we may deduce, by taking its time derivative, the following "first-order" Einstein-frame condition:
By taking another derivative we deduce the "second-order" Einstein-frame condition
where
Notice that X averages to zero as a consequence of (2.5); however, this does not imply that the same is true of X 2 .
The Strong Energy Condition
The SEC on the stress tensor in D dimensions implies, via the Einstein field equations, that the time-time component of the Ricci tensor is non-negative. A direct calculation of this Ricci tensor component yields
If we average over B then we may use the second-order Einstein-frame condition (2.6), together with 9) to deduce that
The left hand side is non negative if the SEC is satisfied, so a necessary condition for the SEC to hold is that the right hand side is non-negative. This inequality is
where the second inequality, which is saturated when the n × n matrix h −1ḣ is proportional to the identity matrix, follows from the fact that tr[M − n −1 trM ] 2 ≥ 0 for any n × n matrix M ; the resulting inequality is again a necessary condition for the SEC. This last step allows us to rewrite the right hand side of (2.11) using the identity
This yields the following integrated SEC inequality
where we have introduced the constant
This inequality is saturated when the D-dimensional averaged SEC is saturated and when only the size of the compact space B (and not its shape) is time-dependent. If there is a time t 0 for which all first derivatives are zero then the integrated SEC inequality (2.13) implies that, at this time, 15) which is the inequality found in [9] . It does not exclude acceleration 1 because a negative contribution to the left hand side from a positiveS can be overcome by a positive contribution from a negativeΩ. Indeed, this is precisely the mechanism for the transient acceleration found in the time-dependent compactifications mentioned in the Introduction: the acceleration occurs as the volume of the compact space passes through a minimum value, corresponding to a maximum of Ω(t).
The issue that we wish to address is whether the SEC permits late-time acceleration. At late-times we expect some scaling solution of the Einstein equations for whichΩ andṠ are, generically, never zero, in which case it is (2.13), rather than (2.15), that has implications for late-time behaviour. 16) which tells us that the expansion of the universe is non-accelerating. This result incorporates the GMN theorem but is more general for two reasons. Firstly, it applies to any FLRW spacetime, not just dS. Secondly,Ω ≡ 0 does not imply time-independence of the metric on B; it implies only (via the Einstein-frame condition) that the integral B Ω d−2 vol B is constant (where vol B is the volume n-form associated to the metric h).
No-go theorems
IfΩ ≡ 0 then there is no obvious conclusion to be drawn from the inequality (2.13), principally because the final term on the left hand side could be positive or negative. It could also be zero, and is zero if the Einstein-frame condition is realized in the form
In this case the first-order Einstein frame condition (2.5) simplifies to
The inequality (2.13) then reduces to
This generalizes the bound derived in [9] to the case whereΩ andṠ are different from zero. They are never zero for the accelerating scaling solutions that we shall exhibit later. As before, the inequality (2.19) is saturated when the D-dimensional averaged SEC is saturated and only the size of the compact space B is time-dependent. It excludes a latetime dS universe, i.e. one for which S(t) ∼ e Ht for positive constant H. To see this, observe that theS/S term will dominate (leading to a contradiction) unless Ω also increases faster than any polynomial, and if this increase is faster than exponential then theΩ/Ω term will dominate (again leading to a contradiction), so we must suppose that Ω(y; t) =Ω(y)e
Jt for constant J. The inequality (2.19) then yields the following quadratic inequality in (H, J):
This equation has no real solutions, so compactification to dS is excluded. This does not prove that the SEC forbids a time-dependent compactification to dS because the Einstein-frame condition (2.3) could be satisfied even though its unaveraged form (2.17) is not, and in this case we would have to return to the inequality (2.13). Nevertheless, we think it worthwhile to explore the implications of the SEC given the assumption that the unaveraged Einstein-frame condition is satisfied. As far as we are aware, this unaveraged form has been assumed in all previous work on time-dependent cosmological compactifications.
Power-law acceleration
Having confirmed that compactification to dS is excluded under the assumption that the Einstein-frame condition is satisfied in its unaveraged form (2.17), we now investigate whether this assumption allows a time-dependent compactification to an FLRW universes undergoing late-time acceleration; i.e. we assume that S ∼ t η at late time, for some constant η, and seek scaling solutions of this type. In this case, the inequality (2.19) does not allow exponential growth of Ω, so we shall suppose that Ω ∼ t ξ at late time, for some other constant ξ. The asymptotic solution must then take the form
where a normalization constant for S(t) is omitted because it can be absorbed intoḡ ij . The inequality (2.19) now becomes
This defines the interior of an ellipse in the (η, ξ) plane. For an accelerating universe we must also have η > 1, but the line η = 1 intersects the ellipse so there is a region inside the ellipse for which η > 1. The largest value of η allowed by the SEC corresponds to the line η = η max that is tangent to the ellipse, which occurs when 23) where the upper bound is approached as both d → ∞ and n → ∞; in contrast η max → 1 as as d → ∞ for fixed n. Within the region 1 ≤ η ≤ η max the parameter ξ is bounded by The part of the region η > 1 inside this ellipse describes accelerating universes satisfying SEC (this region is inside the much larger region allowed by DEC, which we determine in section 3.2).
The restriction to negative ξ tells us that the compact space is expanding 4 . This implies an eventual decompactification, which we now investigate.
Decompactification
Let ϕ(t) be the scale factor for the n-dimensional compact space; i.e.
we haveφ 27) which has the solution
When expressed in terms of σ the restriction (2.24) on ξ implies (for ξ = 0) that
This confirms that the compact space is expanding (as σ > 0) and it additionally tells us that this expansion is decelerating (as σ < 1). A feature of additional compact dimensions is that the harmonic expansion of fields on these dimensions will lead to an infinite sequence of Kaluza-Klein (KK) particles with some lowest mass set by the scale of the compact space. Let M 0 be the mass of the lightest KK particle at time t 0 ; then the corresponding mass at a later time t will be
This formula takes into account the the time-dependence arising from the warp factor Ω in addition to the the time-dependence of the volume of the compact space metric coming from its scale factor ϕ. From the formula for σ in (2.28) we see that
and hence, since ξ ≤ 0,
This is a decreasing function of time, and the existence of the KK tower of particles will have observable consequences at some "decompactification time" T > t 0 when M (T ) is of the order of particle masses accessible to particle accelerators. The relation between T and M (T ) is
but we also have S(T ) = (T /t 0 ) η , and hence
where the lower bound on γ is a consequence of the bound (3.16) on ξ and the assumption that η > 1. This tells us how much the FLRW universe has expanded prior to its effective decompactification to a D-dimensional universe. Of course, this is an approximation because we are using only the late-time solution.
To get an idea for the likely numbers in any attempt to apply these ideas to a realistic model, let us take M 0 to be the Planck mass and M (T ) the mass of the Higgs boson. Then
This is arbitrarily large because there is no upper bound on γ; this means that T could be much longer than the current age of the universe. However, one might suspect that fine tuning is needed for γ 1, so it is of interest to ask how large γ must be to avoid a conflict with the current lack of evidence for extra dimensions. If t 0 is the time at the end of inflation (which is the earliest time that we could reasonably choose) then we would need S(T ) 10 30 to be sure of consistency with the current non-appearance of KK particles. This imposes a phenomenological bound that is approximately γ > 2.
SEC Redux
Now that we have found a possibility for compactification to an accelerating FLRW universe, we must recall that the integrated SEC inequality is merely a necessary condition for validity of the SEC. This means that we must return to the unintegrated condition R 00 ≥ 0 and ask whether this is also satisfied. As we are now assuming that the Einstein-frame condition is satisfied in unintegrated form, we may use this to simplify the expression (2.8) for R 00 , and hence the unintegrated SEC R 00 ≥ 0; one finds that
This reduces to (2.19) upon taking the average over B, but the unaveraged inequality involves an additional term proportional to
Since this term averages to zero it must be negative somewhere on the compact space B unless it is identically zero on B, which would require Ω to be (time-dependent) constant on B.
What this means is that compactification metrics with Ω of the form assumed above in (2.21) are not guaranteed to satisfy the SEC inequality, even if they do satisfy the integrated SEC inequality, unless we further assume that Ω 0 is constant on B. It may be that for some non-constant choices of Ω 0 the unintegrated SEC inequality (2.36) will be satisfied, but more work is required to answer this question. For this reason, we shall assume in the following section that Ω 0 is a constant.
The late-time stress tensor
We have now seen that the SEC permits compactification to eternally accelerating universes for which
but we do not yet know anything about the stress tensor that makes this possible. For example, we do not yet know whether it could be zero, although we shall soon see that this is not a possibility. A calculation, using (3.1) and (2.18), yields
The space-curvature term proportional to k in the expression for R ij is non-leading as t → ∞ when η > 1, which is precisely the condition for accelerated expansion. For this reason we ignore this term in what follows, although we will re-instate it later when we consider the η = 1 case, since zero acceleration for t = ∞ does not exclude a positive acceleration for large but finite t.
We shall further suppose here that only the volume of B in the metric h is timedependent; i.e.
where ϕ is a scale factor for the compact space B. In this case,
Using (2.18) again we learn that
In addition, we shall suppose that the metric h on B is Ricci flat; we return later to consider the implications of allowing it to be a generic Einstein metric on B. Under this Ricci-flat assumption, a further calculation shows that
from which we deduce the following expression for the Ricci scalar:
All other components of the Ricci tensor are zero.
From these results we find that the non-zero components of the Einstein tensor take the form
where the three constants (A, B, C) are (after setting k = 0 for the reasons explained above)
The contracted Bianchi identities satisfied by the Einstein tensor are equivalent to the identity
as substitution for (A, B, C) in terms of (η, ξ) confirms.
The vacuum Einstein equations in D-dimensions now reduce to A = B = C = 0, but elimination of ξ from the two equations A = B = 0 yields the equation η[(d − 1)η − 1] = 0, which implies that η < 1; this agrees with the result of [10] , where the vacuum equations were used to simplify the SEC inequality.
We now know that the stress tensor required for η > 1 must be non-zero. We shall take its non-zero components to be
for constants {ρ 0 , P 0 , P
}. This choice is consistent with the Bianchi identities provided that
For a convenient choice of units, the late time Einstein equations are now
but only two of these three equations are independent because of the linear relations (3.10) and (3.12). We may take the first and third equations as the independent ones if ξ = 0, but it is then straightforward to show that the SEC cannot be satisfied for η > 1; this is expected because ξ = 0 implies a time-independent metric for the compact manifold B.
We may therefore assume that ξ = 0, and in this case we may take the first two of the equations (3.9) as the two independent equations; these are
(3.14)
Using η > 1 and |ξ| < n/(D − 2), from (2.24), one may easily show that
The pressure constant P
is determined by the linear relation (3.12) (or, equivalently, by the third Einstein equation):
Using again the restriction (2.24) on the range of ξ allowed by the SEC, and the assumption that η > 1, we have
The stress tensor defined by (3.11) suggests some anisotropic generalization of a perfect fluid (possibly along the lines of of [25] ) with the time-dependence determined in terms of the two scale factors (S, ϕ) by some analog of the continuity equation. If so, one might expect some field theoretic realization, possibly with the fields of D = 10/11 supergravity. This is an interesting open problem but the effective d-dimensional stress tensor is a perfect fluid with a scalar field theoretic realization, as we now discuss.
A new no-go theorem
We have considered a class of cosmological compactification solutions of the D-dimensional Einstein field equations for which the Einstein-frame metric in the lower dimension is an FLRW spacetime with scale factor S η , and we have shown that the SEC in D dimensions is compatible with η > 1, i.e. accelerated expansion. The Einstein tensor for this FLRW metric has non-zero components
These are the coefficients A and B of (3.9) at ξ = 0, which are those required for consistency with the Bianchi identity satisfied by the Einstein tensor for the Einstein-frame d-metric. The d-dimensional stress tensor is that of a perfect fluid with mass density ρ and pressure P satisfying the continuity equatioṅ 20) as one may verify. The equation of state is
This equation of state is what one finds, under the assumptions of homogeneity and isotropy, for a scalar field in d-dimensions with a positive exponential potential, which has a subcritical exponent when η > 1. The only restriction on w implied by this scalar field realization is that it must lie in the interval [−1, 1]. However, we have found, by requiring this spacetime to arise from a cosmological compactification of a higher-dimensional gravitational theory with stress tensor satisfying the SEC, that 22) where the second inequality, which is independent of both d and D, translates to the following lower bound on w:
In subsection 2.2 we concluded (based on assumptions stated there) that a dS universe cannot be obtained by compactification even if the compact space and warp factor are allowed to be time dependent. This conclusion (along with the assumptions on which it depends) is in agreement with earlier work on a generalization of the GMN no-go theorem applying to time-independent compactifications. In the current context, this generalized no-go theorem could be rephrased as the statement that w = −1 is excluded, but we have now arrived (under the same assumptions) at a much stronger restriction on w; for d = 4 this restriction is the lower bound w > −1/2. Of course, this statement applies to a perfect fluid with an equation of state P = wρ for constant w, which is (unless w = −1) equivalent to the assumption of power-law expansion, which we can only expect to be valid at late times.
The Dominant Energy Condition
The SEC on the D-dimensional stress tensor is
As a check one may use the Einstein equations in the form (3.13) and the expressions of (3.9) for (A, B, C) to show that this implies the inequality (2.22). As we have seen, this inequality is compatible with acceleration, i.e. with η > 1, but for any such choice of (η, ξ) we need to check that the DEC is satisfied. This condition states that no component of the stress tensor may have a magnitude greater than the energy density, which must be non-negative. In the present context, this is equivalent to 25) for any choice of the signs. As we already know that ρ 0 > 0 and that both P 0 and P
are negative when the SEC is satisfied, we only need to check positivity of ρ 0 + P 0 and
. We consider them in turn:
• ρ 0 + P 0 . In this case we have from (3.14) that 26) where the inequality follows from η > 1 and |ξ| < n/(D − 2).
•
. In this case it is simplest to solve the linear relation (3.12) for P 0 in terms of ρ 0 and P (int) 0
, and then substitute the result into the SEC condition (3.24) . This yields the following inequality:
The right hand side is positve for η > 1. The coefficient [nη + (D − 2)ξ] is also positive for η > 1 as a consequence of the bounds on ξ imposed by the SEC. We thus conclude that 28) when η > 1, as a consequence of the SEC.
This concludes our demonstration, for the specific power-law type cosmological compactification under consideration, that the DEC is a consequence of the SEC when the lowerdimensional FLRW universe is undergoing accelerated expansion. Taken together with our finding that the SEC conditions are compatible with acceleration, we conclude that the combined SEC and DEC conditions in the higher dimension do not exclude the possibility of compactification to an eternally accelerating FLRW universe (to which other solutions could asymptote at late time).
Asymptotic zero acceleration
As mentioned earlier, the η = 1 case of the power-law solutions considered above should be taken into account in any discussion of late-time acceleration because a universe expanding with zero acceleration may be approached asymptotically by one that has non-zero positive acceleration at late times. Allowing for η = 1 in the above analysis so far does not change the conclusions, as long as k = 0; i.e. as long as the (d − 1)-space has zero curvature. However, setting η = 1 in the Ricci tensor expressions of (3.2) and (3.6) yields
The space curvature k is now relevant. We consider here only the vacuum Einstein equations. These have a solution for k = −1, provided that ξ = 0, which implies that the metric on the compact space is timeindependent; this is the compactification to a Milne universe discussed in [26] . In general, one may expect there to exist initial conditions that lead to accelerating universes that are asymptotic, at late time, to a zero-acceleration universe; a special feature of this case is that, despite the late time acceleration, there is no future cosmological event horizon [27] . Examples were found in [28] for cosmological models with "double exponential potentials" (for which exact solutions may also be found [29] ).
Generic Einstein metric for the compact space
So far we supposed the metric h on the compact space B to be Ricci-flat. More generally, we could suppose that it is an Einstein metric, in which caseR αβ = (n − 1)Kh αβ for constant K. In this case, the expression of (3.6) is replaced by
Let us define
and consider in turn the implications of choosing ξ to be less than, greater than or equal to ξ 0 :
• ξ < ξ 0 . The curvature term proportional to K is subleading at late times and can be ignored, so we are back to the K = 0 case.
• ξ > ξ 0 . The curvature term proportional to K dominates and there is no vacuum solution of the assumed power-law form.
• ξ = ξ 0 . In this case the SEC, which is unaffected by the curvature of space, requires
Only η = 1 (which implies saturation of the SEC bound) is relevant to the possibility of late-time acceleration, and in this case we should also allow for non-zero k. Again restricting to vacuum solutions (i.e. all components of the Ricci tensor are zero), we find that there is just one of them, provided that we choose (recall that k is un-normalized)
We remark that the SEC is also saturated for ξ = ξ 0 when η = n/(D − 2). In this case, η < 1 and there is a vacuum solution for
2 provided that k = 0. This decelerating scaling solution is the late-time limit of the hyperbolic compactification exhibiting transient cosmic acceleration found in [11] .
Summary and discussion
We have explored the constraints on cosmological compactifications implied by the strong energy condition (SEC) on the higher-dimensional stress tensor. It is known that this condition rules out compactification to de Sitter space (dS) if the compact space is non-singular and time-independent. This no-go theorem follows from a simple inequality implied by the SEC on the scale factor of de Sitter space viewed as an FLRW universe. A new result of this paper is the corresponding inequality (2.13) for compactification to any Einsteinframe FLRW universe, allowing for any time dependence compatible with generic FLRW isometries. However, this inequality does not lead directly to any interesting conclusionsin particular, it does not obviously rule out compactifications to de Sitter. This is mainly because the Einstein-frame condition involves an averaging over the compact space. In known examples the Einstein-frame condition is satisfied in an unaveraged form, and if this is assumed the SEC inequality simplifies dramatically to the form (2.19); the inequality used in [9] is then found by ignoring terms involving first derivatives, but their inclusion is essential to our analysis of the implications of the SEC for late-time behaviour.
Many examples are known of time-dependent compactifications of D=10/11 supergravity theories for which there is a period of acceleration, in Einstein frame, but the late time universe in all these examples is decelerating. Since these supergravity theories satisfy the SEC, this might be a consequence of the SEC. However, we have shown, by example, that the SEC, by itself, does not prevent compactification to (Einstein frame) universes that undergo late-time accelerated expansion. Our examples are scaling solutions that represent a time-dependent compactification to an FLRW universe that undergoes an eternal accelerated expansion (and hence, in particular, at late times) but we expect these to act as late-time attractor solutions for more general FLRW compactifications. To verify this we would first need a better understanding of the D-dimensional stress tensor that makes such compactifications possible; at present we know only its late-time form, which suggests some anisotropic generalization of a perfect fluid.
What we can say of our examples is that they are compactifications to FLRW universes filled with a perfect fluid that has a constant pressure to energy density ratio w, on which the higher dimensional SEC imposes a lower bound, which is w > −1/2 for d = 4. The constancy of w is implied by the power-law expansion, which is accelerated expansion when (for d = 4) w < −1/3. This shows, in particular, that the SEC can be violated in the lower dimension even though it is not violated in the higher dimension. We should stress that the lower bound on w (which excludes the dS case of w = −1) is a late-time result since we can expect w to be constant only at late times (and then only if w < −1/3). There is therefore no conflict with the fact that observations are consistent with a present value of w = −1, especially as they are also consistent with increasing w [20] .
Another feature of our examples is that the compact space is also expanding, which implies a late-time decompactification; in practice this could be defined to occur at a decompactification time T at which the effects of massive Kaluza-Klein (KK) particles become apparent in accelerator experiments. There could then be a conflict with observations if T is less than the current age of our Universe. However, a remarkable property of our exam-ples is that accelerated expansion of the FLRW universe requires a decelerating expansion of the compact space. Assuming that the lightest KK particle would become observable when its mass decreases to the Higgs mass, we have shown that the decompactification time is arbitrarily large and, generically, much longer than the current age of our Universe.
No-acceleration bounds on exponential scalar potentials
An alternative response to our results would be to ask why we should have expected to extract so much from the SEC, which has no obvious fundamental significance. Quite possibly, our examples of cosmic late-time acceleration from compactification cannot be realized in string/M-theory for other reasons. Or it could be ruled out by other general considerations, such as those mentioned in the introduction. As also mentioned there, the proposed cosmological swampland bound of [9] is of the type that can be easily deduced for positive exponential potentials in one-scalar theories if one supposes that late-time acceleration is impossible. As promised in the Introduction, we conclude with a comment on this bound.
For a one-scalar theory with a positive exponential potential V , there will be cosmological solutions that undergo accelerated expansion at late time unless |∇V |/V > c, with c = O(1), which is the swampland bound proposed in [9] . However, the situation is very different for a two-scalar model, even for a positive exponential potential that is a function of only one of the two fields; in this case the no-acceleration bound on the coefficient V /V can depend on the interaction between the two scalar fields.
An example is provided by the following Lagrangian for a dilaton field σ and an axion field χ whose vacuum values parametrize the hyperbolic space H 2 ∼ = Sl(2; R)/SO(2):
We may assume that λ > 0 but then µ could be positive or negative; its absolute value is inversely proportional to the radius of curvature of the H 2 target space. We also assume that Λ > 0, since accelerating cosmologies are otherwise not possible. For constant χ there is a scaling solution of the equations for expanding FLRW cosmologies and the expansion is accelerating if λ < λ c where λ c is a 'critical' value. For a d-dimensional spacetime, and in our conventions 6 ,
so that λ c = 1 for d = 4. However, there is also a scaling scaling solution with non-constant χ if µ > 0 and in this case the scale factor (in terms of standard FLRW time t) is [30] 
Accelerated expansion occurs when η > 1, which is equivalent to
The right hand side is a new critical value for λ, which can be larger than λ c for sufficiently large µ.
To avoid a possible late-time acceleration in this dilaton-axion model we must impose both λ > λ c and µ < (d − 2)λ; given λ > λ c , a sufficient condition on µ is µ < µ c = 2(d − 2) , (4.5) so µ c = 2 for d = 4. This is a weak-coupling requirement. The stronger the coupling the more damped is the rolling down the exponential potential due to transfer of potential energy to the axion, which raises the critical value of V /V corresponding to a crossover from deceleration to acceleration. The physics is analogous to the rolling of a disc of large moment of inertia down a hill under the influence of gravity; potential energy is transferred not only to kinetic energy of downward motion but also to rotational kinetic energy, which slows the downward motion.
